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1. Introduction 

Recently Aharony, Bergman, Jafferis and Maldacena conjectured that A/" = 6 super- 
symmetric Chern-Simons theory in three dimensions has a holographic dual which at 
strong coupling can be effectively described by type IIA superstings on AdS4 x CP^ 
background 

It appears that the Green-Schwarz superstring on the AdS4 x CP^ background 
admits a description in terms of a coset sigma model, quite analogous to strings on 
AdSs X S^. Normally the Green-Schwarz action contains 32 fermions, only half of 
which are physical due to K-symmetry, whereas this coset model, by construction. 
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contains 24 fermions. This apparent mismatch can be understood by considering the 
coset model to be a partially K-symmetry fixed version of the Green-Schwarz action, 
and, in accordance, the coset model possesses local fermionic symmetry that reduces 
the number of physical fermions to 16. The AdS4 x CP^ background is diffeomorphic 
to the coset space S0(3, 2)/SO(3, 1) x SO(6)/U(3). The coset numerator SO(3,2) x 
S0(6) is the bosonic subgroup of OSP(2,2|6), which suggests that fermions can be 
included in the theory by considering the coset space 0SP(2, 2|6)/ (S0(3, 1) x U(3)). 

An important advantage of the coset sigma model construction is that it exhibits 
manifest integrabihty. Analogously to the AdSs x case f^, classical integrability of 
this model can be concluded immediately from the existence of the corresponding Lax 
pair Q ; the corresponding algebraic curve encoding solutions of classical equations 
of motion has been obtained in . We also note that recently the full Green-Schwarz 
action for strings on AdS4 x CP^ has been constructed, but the integrable properties 
of this formulation still remain an open issue ||^, |^. The pure spinor formulation for 
this background has been explored in [Q. 

The question of quantum integrability is rather subtle, especially, taking into 
account that classical integrability of the CP'^ bosonic model is known to be spoiled 
by quantum corrections. Following an analogous construction for the AdSs x S^, and 
the leading perturbative result found in field theory ||^ (see also [l^l-IHl)) an all-loop 
asymptotic Bethe ansatz has been proposed in [Q. It would be important to find 
further support for its validity from direct field-theoretic computations on the string 
world-sheet, following the lines, e.g., in [15H25|. 

In order to shed some more light on the integrability of superstrings on the AdS4 x 
CP^ background, in this note we will investigate possible consistent truncations of the 
string sigma model. This problem has already received some attention in the bosonic 
sector of the theory p6|, but since fermions are expected to play an important role in 
maintaining quantum integrability, we will consider consistent fermionic reductions 
of the superstring Lagrangian. 

Our treatment starts with describing a particular parametrization of the coset 



element S0(3, 2)/SO(3, 1) x SO(6)/U(3) suitable for the light-cone gauge fixing [|7 



We then identify the manifest bosonic symmetry group of the light-cone Lagrangian, 



which appears to be in agreement with earlier findings in WR, pll, |22[. Further 



we determine the specific form of the K-symmetry parameter for our current coset 
parametrization based on the analysis of «;-symmetry presented in [^. We then 
proceed to fix a K-symmetry gauge compatible with these bosonic symmetries. Next 
we present the complete sigma model Lagrangian in the expansion up to quartic order 
in fields, given in a manifestly covariant form with respect to the manifest bosonic 
symmetries. This Lagrangian can be used to compute the full tree level world-sheet 
S-matrix. Finally, we discuss a consistent truncation of the full Lagrangian down 
to a model containing two complex fermions which, being a consistent truncation. 
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maintains integrability inherited from the full model. Interestingly, the emerging 
reduced model appears to be completely equivalent to an integrable system arising 



under the corresponding consistent truncation of the AdSs x S superstring |28, 2£ 



2. Sigma-model Lagrangian 

The coset sigma model is based on a coset element that parametrizes a space, such 
that the fields take values in a non-linear way on a chosen manifold, and does not 
require the knowledge of the Green-Schwarz action. In particular the AdS4 x CP'^ 
coset sigma model is constructed on the coset space 

OSP(2,2|6) 



S0(3,l) X U(3)' 

where we note that USP(2,2), a bosonic subgroup of OSP(2,2|6), is locally isomor- 
phic to SO(3,2). The complete construction of this model is discussed in 0. 

2.1 Superalgebra osp(2,2|6) and Z4-grading 

An arbitrary element belonging to the 05p(2, 2|6) superalgebra is given by a 10 x 10 
matrix 

X 

T] Y 

where X and Y are 4x4 and 6x6 matrices containing bosonic fields, and t] and 6 
are 6x4 and 4x6 blocks containing fermionic fields respectively, where A has to 
obey the following two conditions 

' ] + {^: )^=o, (2.1) 



A 



I, 



6x6 



-I 



6x6 











I6x6 










— I6x 



^ ? ) + ( n ]A = 0. (2.2) 



Here C4 denotes an arbitrary real, skew symmetric, charge conjugation matrix satis- 
fying C| = —I. For purpose of this paper we have chosen C4 = iFoFs. Additionally 
we define the supertranspose of a matrix to be 



St 



0t yt 



A 



For the odd blocks of A, equations ( p.l|) and (|2.2| ) imply the following fermionic 
transposition and reality conditions. 
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These reduce the number of fermionic degrees of freedom from 48 complex, down to 
24 real. This algebra possesses a fourth order outer automorphism 

Q{A) = TAT-^ , 

where the matrix T is given in Appendix 0. This gives the algebra a Z4 grading 

such that [^'^'^^ ^*^'^^] C modulo Z4, and where the subspace A^''^ is an 

eigenspace of the map Q 

In particular, the stationary subalgebra of Q is determined by the conditions 

[^^X] = 0, [Ke,Y] = 0, 

where = — iF^r^r^F'^ = K^C^ is a matrix defined in terms of anticommuting F' 
matrices used to parametrize the AdS4 space. The space A^'^^ is spanned by matrices 
satisfying 

Q{A) = TAT-^ = -A. 
This implies the following conditions 

{X,T'} = {Y,Ke} = 0, 

which are solved by 

X = x^F^ Y = y,T, , 

providing a parametrization of the coset space of AdS4 = gqlg'^ and CP^ = 
respectively. The two sets of matrices F'^ and Tj are given in Appendix 0. 

2.2 The Lagrangian 

To further progress in the construction of the Lagrangian, let us use an element of 
the coset g to build the following current (one-form) 

A = -g-^dg = + + + , 

where on the right hand side we exhibited its Z4-decomposition. By construction A 
has vanishing curvature 

daAp - dpA^ - K, A^] = . 
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The sigma model is given by the following action 

S = — / drdaC, 
47r J 

where A is the 't Hooft coupling constant, related to the AdS radius as ^/X = /a' . 
The Lagrangian density C is the sum of the kinetic and the Wess-Zumino terms 

C = 7-'3str(A(fMjf)) + fi:e°^str(A«Ajf)) . (2.3) 

where str denotes the supertrace, 7°^ is the Weyl- invariant world-sheet metric with 
det7 = — 1, and e"^"" = l.The parameter n in front of the Wess-Zumino term is kept 
arbitrary, however the requirement of K-symmetry and integrability will fix it to 

K = ±1. 

The equations of motion derived from ( |2.3| ) are 

5„A"-K,A"]=0, (2.4) 

where we have defined, 

A- = ^-f^Af - Ine'^^iA^^^ - Af). 
For further details see 0. 
2.3 Kappa symmetry 

Kappa symmetry is a well known local fermionic symmetry in string theory. In the 
case of type IIA Green-Schwarz string theory it typically allows one to gauge away 
16 of the 32 fermionic degrees of freedom. As was argued in P], our coset model is 
to be understood as a Green-Schwarz string theory with ^-symmetry partially fixed. 
In accordance with this picture, there is a local fermionic symmetry in this coset 
model that allows one to gauge away precisely the eight fermionic degrees of freedom 
needed. 

Contrary to the global bosonic symmetries which are realized by multiplication 
from the left, K-symmetry is here understood as the right local action of a fermionic 
element G = expe from OSP(2,2|6) on our coset representative g 0: 

gG{e) = g'gc 

where e = e(r, a) is a local fermionic parameter, and gc is a compensating element 
from S0(3, 1) x U(3). The action is not invariant under arbitrary variations of this 
form. In order for this to be the case, the fermionic parameter has to be of a form 
presented below, and the whole transformation will have to be accompanied by a 
transformation of the metric. 
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The fermionic parameter e can of course be decomposed into an element of degree 
one, e*-^-*, and one of degree three, e^^-*. The transformation above is a symmetry of 
the action, provided the following form of the /t-symmetry parameter e^^^ 

.(1) _ 4(2) Am a/3 , a/3 .(2) .(2) A2) a/3 .(2) 

-lstr(SAgUgb<"+, (2.5) 

where k^j^ is the ^-symmetry parameter which is assumed to be independent of the 
dynamical fields of the model. Obviously, k^j^ must be an element of osp(2, 2|6), and 
e'-^^ G A^^^ provided K°f_^ is. The form of the K-symmetry parameter e*^^-* is analogous. 
The accompanying variation of the metric is then given by 




where x"f__ C A^^^ is another independent K-symmetry parameter that comes in 
with e'-^-*. Finally, along with the above transformations, the parameter k in the 
Lagrangian is required to be equal to plus or minus one to guarantee invariance of 
the action. For details on the derivation of ^-symmetry and the explicit form of the 
K-symmetry parameter e, see [|]. 

This symmetry can be used to gauge away eight fermionic degrees of freedom. 
The question then is what the best suited gauge choice is, or equivalently, what 
the most convenient form of the gauge fixed fermionic coset element is. In the 
next sections we will discuss the manifest bosonic symmetry of the light-cone gauge 
fixed action for our choice of coset parametrization^, and its action on the bosonic 
and fermionic fields. Ideally one would like to choose a /t-symmetry gauge that 
is preserved under the action of the complete manifest bosonic symmetry group. 
We will present one such choice, directly after discussing the bosonic symmetries of 
course. 



3. /t-gauge fixed Lagrangian 

3.1 Coset parametrization, symmetries and K-gauge choice 

In anticipation of imposing a uniform light-cone gauge, with the light-cone coordi- 
nates taken to be combinations of the AdS time variable t and the CP^ spherical 
coordinate angle 0, we take the following choice of coset parametrization 

9 = HtA)9x9B, (3.1) 

^The precise form of the K-symmetry parameter is affected by this choice of parametrization, as 
discussed in the Appendix. 
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where 



and 

fl-lx) = exp(x), for X 



K 

-k'Ca 



With this choice of parametrization shifts in t and are reahzed hnearly. Therefore 
this choice makes sure that all fermions and the other bosons remain unchanged 
under the action of group elements corresponding to shifts in t and 0, which is a 
desirable feature when planning to impose a uniform light-cone gauge . 



The choice of the matrix T34+T56 might be unexpected, but it is of course exactly 
this matrix that generates shifts in on the full CP^ coset element. Further details 
on this and the parametrization of CP^ employed here are discussed in Appendix ^ 

3.2 Linearly realized bosonic symmetries 

The global bosonic symmetry group USP(2, 2) x SO (6) acts on the coset element by 
multiplication from the left. For G G USP(2,2) x S0(6) we have 

Gg = 9 9c, 

where Qc is a compensating transformation from S0(3, 1) x U(3). Different coset 
parametrizations have consequences as to which symmetries are linearly realized, and 
on which fields they are linearly realized. For example for the coset parametrization 
9 = 9x9 the fermions undergo an adjoint linear action by G. 

While our choice of coset parametrization is well suited for imposition of a uni- 
form light-cone gauge, it does not allow for a linear realization of all bosonic sym- 
metries. Here we will determine the symmetries that are linearly realized, which 
will then form the manifest bosonic symmetry group of the light-cone gauge fixed 
Lagrangian. 

The linearly realized symmetries will be given by the subgroup of USP(2,2) x 
S0(6) forming the centralizer of group elements corresponding to the U(l) isometrics 
of shifts in t and 0. The Lie algebra centralizer of these u(l)-isometries in usp(2, 2) © 
so (6) is easily found to be the subalgebra 

C: = su(2) ©su(2) ©u(l), (3.2) 



in agreement with [|1^, where this was found for different (coset) parametriza- 

tions. Here the first factor corresponds to su(2) C usp(2,2), while the second and 
third correspond to 5u(2) © u(l) C so(6). This stems from the fact that in the AdS 
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sector the centralizer is spanned by the F*-' for i,j = 1, 2, 3, since these all commute 
with r°, forming a four dimensional reducible representation of the Lie algebra 5u(2), 
while in the CP sector it is spanned by the set {T12, (T45— Tag), (T34— Tsg), (T35+T46)}, 
commuting with T34 + T^q, forming a reducible representation of the Lie algebra 
su(2) ©u(l). 

Note that a group element, G, generated by elements of the algebra, ( p.2|) , has 
the following action on the coset element 



Gg = AGg^G-^GgsG-^G, 

since GAG^^ = A. As both the centrahzer subalgebras su(2) and su(2) © u(l) 
are in fact subalgebras of the coset denominator Lie algebras, we see that we can 
recognize the last G above as nothing else than a compensating transformation from 
SO (3, 1) X U(3). Thus we see that the element G has a linear adjoint action on the 
fermionic coset element g^ and the bosonic element gs- 

While the four dimensional reducible representation of SU(2) in the AdS sector 
is, by our convention for the gamma matrices, in canonical direct sum form (see 
below), the set of T- matrices above does not present a reducible representation in 
such canonical form. By doing a change of basis that diagonalizes T12, T34, and T^q, 
we obtain the more pleasant canonical direct sum representation of our symmetry 
group. Labelling the set of T-matrices introduced above as {ao, ai, 02, 03}, we have 

oo — ^ So = SaoS~^ = diag(2CT3, 0, 0) , 
a.^ai = diag(0, ^, ^) , 



where the at are the Pauli matrices, and for completeness 



S 



I iV2 V2 \ 

-iV2 

-1 j j 1 

-i -1 1 -1 

, 1 j -t 1 I 

\ -i 1 1 i / 



(3.3) 



In terms of two by two blocks, a group element, G, of SU(2) x SU(2) x U(l) in this 
basis then takes the form 



G 



/ 01 \ 
01 
02 
03 

Vo 03/ 



(3.4) 



Here 0i is an element of the first SU(2), 02 = diag(02,02 ^) with 02 an element of 
U(l), and 03 is an element of the second SU(2). 
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To pick a K-symmetry gauge choice that is manifestly compatible with the above 
bosonic symmetries, let us first write the fermionic element after the above change 
of basis and upon imposition of the reality condition, 9, as 



Q _ }^ f 1^1 1^3 1^5 



where 



fl f2 



h fs 



-n -n 

f2 fl 

-ia2Kla2 = 



= 1^2, X2j 



and where we have labelled the fermions /j. There are similar relations between K4 
and ^5. 

The specific ^-symmetry parameter, presented in Appendix allows us to re- 
move eight fermions by removing the blocks ^4 and K5 from the fermionic element 6 
giving 



2\k,2 Kg 



(3.5) 



This is a natural choice to make, and most importantly is manifestly compatible with 
the above bosonic symmetries. We thus consider this a convenient gauge choice and 
hence will fix it as such. 

When the above change of basis is applied to the bosonic coset element it also 
induces a natural structure there, as seen for the fermionic sector already. The 
bosonic structure in the CP-sector becomes 



1=1 



/o 














1x2 

t 



O2X1 y 
\y 0, 



^2x2 



1X2 

-i\/2L 



2 1/5 



For completeness, the unaffected bosonic AdS-sector is of the form 



1=1 ^ ' 
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In the above we have introduced the vectors and matrices 

xi X2 — ix^ \ 
X2 + ixs -Xi J 

1/2 + 1/3 - iyi \ 
- W2 - iys - 1/4 y 

1/2 + 1/3 + m \ 

'y2 + ^1/3 - 1/4 / ' 

This natural structure can now be used in the construction of a manifestly covariant 
Lagrangian, but for clarity let us first explicitly give the action of the manifest 
symmetry group on the matrices and vectors just introduced. With the group element 
G of the form ( |3.4|) , its action on the bosonic matrices defined above is explicitly given 
by 

X giXQ^\ y 03^/02, y 931/02 S 

while its action on the fermionic blocks on the other hand is given by 

><1,2 01><1,2S2 ^ ^1,2 0lXl,202, /«3,6 " ^ 01«^3,603 ^• 

With these it is easy to construct various covariant couplings, which will be used in 
the next section. 



X =X^ = 
( Wi 

y = 

\-y 

~ ( iyi 
y = 

\yi - 



3.3 Manifestly covariant Lagrangian 

The explicit form of the Lagrangian, given by ( |2.3|) , calculated to quartic order in 
the fields, is here cast into a manifestly covariant form using the above introduced 
block structure. For presentation purposes the Lagrangian is split into the purely 
bosonic sector and the fermionic sector, where the Wess-Zumino term is presented 
separately. Concretely, 

C = j'^f'iC, + + Qo^p + e"^(/:,fwz + C^z)a(3 (3.6) 

Because of the special character of the field, as mentioned above and discussed in 
Appendix 0, it is expanded around |. Below we have written "Us = 1/5 — f . 

To start with the purely bosonic Lagrangian, not expanded for sake of brevity. 
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is given by 



((cos All) + 3)^^^ - 8(cos 2V' + 2) sin^ VyiV-^ + 8 sin"^ ^2/1) dact^dpcf) 



i sin^ Tp {^ip"^ cos^ V' ~ sin^ V"?/!) 



c^/3y^y - h.c. 



+ 



cosh(4p) + l) dapdjsp sinh^ 2p 



+ 



2p2 2p2 
4 ((sin^ V' - V^) dai^df^ip - sin^ ipdcV^dpy^) 



1v{daXdpX) 



+ 



2 sin -0 

■02 



5q, 



-02 

sin"^ ip 



+ 



daV^y - h.c.^ {dfiy^y - h.c. 



where we have introduced the invariant quantities p = VxjX* and ip = ^Jyjy^ ^ with 
i = 1, . . . , 3 and j = 1, . . . , 5. In the above, h.c. denotes Hermitian conjugation of 
the term within the enclosing brackets; below where there are no brackets this hence 
stands for the Hermitian conjugate of the complete term. This bosonic Lagrangian 
can be compared to the one presented in [|18], ^ where the bosonic string was studied 
upon imposition of a uniform light-cone gauge; the following parts of the action 
should be of more novel interest. The boson- fermion interactions in the kinetic term 
of the Lagrangian are at quartic order given by (continued on the next page) 



iCM)af3 =\datdpt (1 + 2TV [X^]) Tr - 2id^m [ti\xdpXni^ 

+ ^doiy'^dpyiKlxi - xjxi) 
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+ -7kz29a{2t + (/)) ( (27r - 8v5){d/sy^Klxi - idpy^ k\xi) + Airiv^d^y^ - idpv^y^ 



+ {-"idjiv^ + i(-7r + Av^)di3<i)){y^ kIxi - W + 27rii;5(9_a0(yf k^xi + 2iy^ kI>i:i) 



+ + <^)(-2i'IV [nlxdpXn^) + + 2Tr {X^)) + {\ - 2vl - ^y^y)dp<t>)lh: (4^3) 



+ ^ - ^/jy^y) + dax{>ii{y^ d^y - dpy^y)j 

+ ^(tt + 2(7r - 2)v^)d^y\dpK\H^ - K\dpH^) + ^(tt - Av^)d^y\di3K\x^ - k^x^) 

+ ^{-SidaV^ + (tt - 2(2 + 7r)i;5)5„(^)y^(a;34>^i - 4^/3^i) 

+ ^(4(7r - 2)do,V5 - {m + 4(7r - l)iv5)do,(t))yHdg4xi - nldg^i) 

+ i((l + 2Tr + (1 - 2vl - ^y^y)daCb)TT (dp4K3^ 

- 2Tr (^nliXdaX - daXX)d0K3^ + ;^(y^5a4«35/3y - day^ dpKlK2,y) 

- ^{y^day - day^y)Tr (|4^/3'«3) + h.c. 




Here we note that couplings containing t or will upon imposition of a light- 
cone gauge reduce in order, the Lagrangian presented here contains all terms which 
afterwards will be of quartic order or lower. The rather unpleasant looking coefficients 
arise due to the expansion of ys around 7r/4, the terms from which they originate 
before expanding look quite natural. Continuing, the quartic fermionic couplings 
are given by (continued on the next page) 



+ daK\d/3KiK\Ki — (9„4f^/3'^'24'^l + K\daK2K\d0Ki — 49aKi4<9/3'^2^ 
+ 2K,2K3daK\dpK2 — 2 450/^3 4^/3 '^2 ) 
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+ datdfst (^]^Tr (^2k\kik\ki + k\kiK2K2^ + |Tr (^k\ki^ Tr ^K2K2 
+ \da{2t + ct>)dp{2t + ct>) (ix2«64^i + ^Tr (4k34«i) - \^ (4'^i) (4'^3)) 
+ d^<j)dp(t> (-^TV (4'^34'ti) + {Ai^i) ^ (4'^3)) 
+ lda{t + 4>)dii{t + 0)Tr (4'«34'«3) + h.c. 

The asymmetry in these terms between t and results from the different dimen- 
sionahties of the AdS and CP^ spaces; explicitly t can couple to all fermions directly, 
whereas cannot. Continuing, the contributions from the Wess-Zumino term are 
divided in the same fashion as the above terms, first we have the boson-fermion 
interaction terms 

+ ^ {d^t + d0ct>) (SaxjXKay + ida^Xnsy) + ^d^t [>c\xdo^K^y + i>c\xd^K^y) 

2vl) Tr {^^dal^Z^ {dpt + dpcj)) + \i {>c\da>C2 - x|(?aX2 + Xs^aXi - x|5aXi j dfjt 

+ 2v^ {dpt + dpcf)) Tr ^da^lXna + danlXKe^ 

- 2 [da>c\x>ci - dax\Xxi^ dpt + V2i {dpt + 5^0) (^Sa^l'^a?/) - V2idjst (^x^^aKsy) 

- + ^ (tt - 2) us) {{dpt + dpct>) d^4K3y - dpt 4dc,K3y) 

2vl) Tr (daKldpK^^ + i {da>Cidl3K2 - da>c\di3X2j - \ (da^djSKi - 5q,x|(?;3Xi) 

— 4:ivr,Tr (j^af^l^dptis^ + 2i (^da^^lxd^ki — (?„x{X(9^xi) 

+ ^ (tt - 4v5) {da4df3i^6y) + (vr + 2 (tt - 2) t;5) (a^xI^^jAtey) + h.c. 

As the final piece, the fermionic quartic terms are given by 

{Cj'^)al3 = - Idatdjscf) ^^x|k64^2 - x|k64^2) + i (^XiK34^1 + >*l'«34^l)) 

+ |i ^X2XiX25q,X2 — >C2>Cl>C2daH2^ djjt + |i ^ xj Xi x| Xi — X2^qXixJxi) 

+ gi ^9q,x|xix|x2 - 5ax|xix|x2) t^/jt + g {>c\K2,dan\>C2 + >C2'^2,dan\>t:2^ {dpt - dp(p) 

— |z (^H^daKeK^Xi — x\daKQl^QK\^ djjt + gi (^>cldaK3n\^l — K\daK3K^^Xi^ dpt 
+ ^ (^X^9„K34xi - >^2^a^«34^2) (SSflt - 59/3*) 

+ i ((9/3t + di3(j)) (^2 ^9q,x|k34><1 + 9a,x|K34><l) " (^9qXiK64^1 + t^a^l'«64^l) ) 

+ |z (^K^KsKlda^^l — X2K34^a'^l) ~ ^ (j)a>^2'^3l^\>^l ~ da^KsK^Xi^ + ^Z?"?^) 
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+ \ {dfst + dpfp) Tr (2KlK3KldaKQ + 4t^a^34'^3 + 4'^34^a'^3) 

+ \ {da>c[di3>C2x\x2 + dax[dj3X2>c\>C2^ + giTV ^4'^l^a4^/3'^3^ 
+ I^Tr {dal^\Kidi3K\K^ + i ^9^X2 ^3 9/3 4^1 ~ 5aX2K39/34^1 

g (5q,x|k64(5/3><1 - daxlK.QKld/3 Xij + ^iTl ( 4f^a«^34^/3'^6 ) + ^-C 



6 ^ 

These terms combined presents the quartic Lagrangian in a manifest covariant form with 
respect to the bosonic hght-cone symmetries. In the next section we wih discuss an in- 
tegrable reduction of the full model, and we would like to note here that the resulting 
Lagrangian presented below can almost directly be read of from the above upon taking the 
reduction into account. 



4. Integrable reductions for strings on AdS4 x 



The full model given by the Lagrangian (^^) above, admits a consistent truncation, which 
upon imposition of the uniform light-cone gauge yields a purely fermionic Lagrangian 
containing two complex fermions. Being a consistent truncation, this model inherits the 
integrable structure possessed by the full Lagrangian. A remarkable and interesting fact 
is that this system is identical to the integrable system found in [28| for the AdSs x 
background. 

We would like to truncate down to purely light-cone bosons, which will subsequently 
be removed by utilizing the reparametrization invariance of the action. The question then 
becomes which set of fermions admit such a truncation, but of course the remaining (light- 
cone) bosonic symmetry group gives a natural structure here. Given the representation of 
this group, it is again only natural to introduce the following block structure on a generic 
fermionic block r] 

( ^1 ^3 



V 



In order to truncate down to only light-cone bosons, i.e. the fields t and (j), we switch of all 
fermions besides either ■ds and ■Sq or and i^s. Choosing to switch of t?4 and 'd^ we are 
left with the block 

\ 



\0 



/ Q Q ^33 Q 

77^2 j^34 Q 



^61 yy63 
^62 ^64 
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This leaves a truncated model with four complex fermionic degrees of freedom-^. This 
model admits a further truncation, down to two complex fermions, achieved by switching 
off either the diagonal or off-diagonal terms in t?3 and iDq. Choosing here to set 77^^ = 
^33 _ ^62 _ ^63 _ obtain the smallest truncated model possible in this setting. 

Further truncations would lead to nonlinear constraints, due to couplings in the Wess- 
Zumino term of the Lagrangian schematically of the form (t + 0)ry'^^r/'^^, with possible 
derivatives. Switching either of these fermionic fields off independently would lead to 
nonlinear constraints on the remaining field and the combination t + (p through the equation 
of motion of the removed fermion. 

The reduced model thus obtained is manifestly integrable, being the theory of a free 
two dimensional massive Dirac fermion. It will nonetheless still be interesting to see how 
the Lax connection for the full model reduces for this specific model as shown further below. 

4.1 The Lagrangian of the reduced model 

The Lagrangian for the truncated model above gives a quadratic action for two complex 
fermions, equivalent to the integrable model presented in ||2^ found for the AdSs x 
background. Given our different choice of coset parametrization however, the fermions are 
uncharged under the U(l) shifts corresponding to shifts in t and (j) from the start, doing 



away with the need for a field redefinition of the fermions as done in |28]. 



After substituting the truncation into the Lagrangian (2.3) we find the following; 

£ =#(7"^ (datdf^t - do,<l}dp<t) + + (A)C/3 - \do^{t + (fydp{t + (fyK) 

where we have introduced the following abbreviations for the fermionic contributions 

Ca = 2 {r]idarf + rfda^) , 
A = 2r]jr]^ , 

VLp = -2i {rf'^dprf^ + rf^dprf^ + midfiVu + midprjai) ■ 

Here the reality condition has been imposed, we write r/** = rji, and the summations are 
of course over the relevant two fermions. The factor of ^/X/Air has been included here for 
comparison purposes. Upon rescaling our fermions as 

31,34 ^ 

V2 



it should be clear that this action is identical to the one presented in |28], where we note 
that there the string tension is taken to be = 1- This model simplifies to the greatest 
extent upon imposition of a uniform light-cone gauge, which utilizes the reparametrization 
invariance of the string action by introducing the following light-cone coordinates 



^The reality condition on the fermions relates those in z9g to the ones in 
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and subsequently imposing the gauge choice 



x+ 



T + ^CT, 



p+ = constant = P+ = E + J, 



where m is the winding number which arises due to periodicity of the (p field. E and J are 
the Noether charges associated with the U{1) isometries of shifts in t and (p respectively. 
This gauge fixing was carefully done in ||2^ for this Lagrangian, hence the reader is referred 
there for the exact details of the procedure. The upshot is the gauge fixed Lagrangian 



i 1 1 



(4.1) 



4.2 Lax representation 

The integrability of classical superstrings on AdS4 x CP'^ has been demonstrated in Q; by 
construction there is in fact no essential difference from the AdSs x coset model. In 
the above we have shown that the AdS4 x CP^ model allows a reduction to a fermionic 
Lagrangian containing two complex fermions, yielding a manifestly integrable system of 
a free two dimensional massive Dirac fermion for the suitable choice of fixing a uniform 
light-cone gauge. Despite its manifest integrability, it will still be insightful to see how the 
general Lax connection reduces in the above truncation and uniform light-cone gauge. 

The general Lax pair for this model, is a pair of ten by ten matrices, with zero curvature 



(4.2) 



following from the equations of motion and vice versa. For the reduced model, the appro- 
priate Lax connection can be formulated in terms of two by two matrices. To connect with 
the notation in [E9f|, we have as concise notation for the fermions 



and we introduce the even quantities 



,31 



In terms of these quantities the components of the two by two Lax connection are given as 



2(-l+zi) + 8^^ + 4'^ 



2 

\ 
I 



v^2^^ 



e' 4 (2.{-idri>i^i>i)+(dT'^\-i'^\)) 
im t 



i(l+z^) 



V 



4{-l+^^) 

e 4 (z(-2r8n--i/'2+mV'2)+(29n-^/)i-im^i)) 
2^(2-2^2) 



^2-2^2 

2(-l+22) + + f C / 
■ ZL 

e 4 {z{2dai:2-'i'ra'i\>2)+{-'iida'i\>\+m'ii)'{)) 



i(zPj^'\-m+mz^) . \ 



4{-l+z2) 



where z is the spectral parameter associated with this Lax pair. This reduced Lax connec- 
tion contains the essential features of the original ten by ten Lax connection as of course 
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it should; it is constructed directly from it by considering its independent entries and suit- 
ably combining them to obtain this equivalent two by two connection. It is easily checked 
that this Lax connection has zero curvature (|4.2| ) on shell, with the equations of motion 
following from (|4.1|) being 



4m2 - Pi 



4.3 Other truncated models 



There are some good indications that other integrable truncations exist, to a sector con- 
taining one bosonic field from the AdS space and two complex fermions on top of the 
light-cone bosons t and (p. This would concretely for example be a truncation down to 
the bosonic fields t, (f) and xi, and the fermions fi and /4, giving the fermionic block the 
structure 

//i ooooo\ 

/4 
-/I 
\ /i* / 

In this truncated model obviously the field (j) does not couple to the other fields and hence 
could also be removed, leaving just the AdS sector coupling to two complex fermions. 
This model has a Lagrangian nonlinear in the xi field, which extends till quartic order 
in the fermionic fields, leading to a considerably less simple Lagrangian than the one 
obtained above. This makes an explicit check of the integrability more involved and less 
insightful, hence we present it here as a possibility without explicit proof. Finally, further 
possible truncations would seem to require inclusion of even more fields and would hence 
be considerably less concise. 



5. Conclusions 

In this paper we have focussed on the fermionic structure of the coset sigma model de- 
scribing Green-Schwarz superstrings on AdS4 x CP'^. This model is classically integrable, 
however, the question of quantum integrability is considerably more involved and calls for 
further investigation. With a choice of coset parametrization suitable for imposition of a 
light-cone gauge, the manifest global bosonic symmetry algebra of the model was found 
to be C = su(2) © su(2) © u(l), and K-symmetry gauge fixing compatible with this global 
symmetry was performed. Furthermore, with this knowledge, the quartic Lagrangian of 
the sigma model has been cast in a covariant form with respect to £, a result which can 
be further used to compute the light-cone two-body S-matrix. Analyzing the structure of 
the latter should present the first step towards understanding quantum integrability of the 
model, by allowing one to check the factorization property of the S-matrix. 

In addition, by exploiting the classical integrable structure of the full coset model, in 
this paper we have analyzed the question whether there exist integrable truncations of the 
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superstring Lagrangian. We found that this question has an affirmative answer by exphcitly 
providing the (smallest) integrablc fcrmionic model which arises upon consistent truncation 
of the full coset model. This truncation is again based in part on the manifest symmetry 
algebra, and yields a model containing two complex fermions and the bosonic light-cone 
fields x±. Perhaps, the most interesting fact about this model is that it is exactly the 
same as the one arising from consistent truncation of the coset model describing AdSs x 
superstrings. The reduced model simplifies drastically upon imposition of the uniform 
light-cone gauge where it coincides with a free model of two complex fermions. In the 
AdSs/SYM duality this truncated model is directly related to a certain closed sector of 
the dual gauge theory. As such, given the exact agreement between the two truncated 
models and the similarities between the two models in general, it would be interesting to 
investigate whether this is also the case for the current duality. 
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A. The coset element and linear isometrics 

For reader's convenience, in this appendix we collect the matrices used in the construction 
of the coset element. The AdS4 is parametrized by the following set of T matrices 



r2 





such that these matrices satisfy the Clifford algebra {F^, F*^} = 2?]^^, where t]^*^ is Minkowski 
metric with signature (1, —1,-1, —1). We also define F^ = —iT^T^T^T^ with the property 
(F5)2 = I 

The charge conjugation matrix C4 obeys (F'^)* = —CiT^^C^^ and in the present case 
it can be chosen as 

C4 = iv^r^ = 

Moreover we also require (F'^)* = K^V^K^^, where K4 = il2 (T2 and where I2 is the 2x2 
identity matrix. Lastly we define Fi^" = i[F'^,F'']. 

To parametrize the CP^ coset space, we need to consider the space orthogonal to u(3) 
in so(6), which is spanned by solutions to the following equation 

{Kq,Y} = 0, (A.l) 
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The general solution to eq.(A.l) is six-parametric and is represented by a matrix 



Y = y.Ti . 

where we have introduced the six matrices Tj which are Lie algebra generators of so (6) 
along the CP^ directions: 

Tl = Eis — -E31 — £^24 + E42 , T2 = Ei4 — E41 + £^23 — i?32 , 

^3 = Ei5 — £51 — £'26 + £62 , T4 = EiQ — Eqi + E25 — E52 , 

T5 = E35 — £^53 — £^46 + £^64 , Tq = E3Q — Eq3 + £^45 — S54 , 

where Eij are the standard matrix unities, and where the Tj matrices are normalized 

astr (TjTj) = — 45jj. Moreover, the complete set of generators of so (6) are given by Tij = 

E - — E- 
*j 3 * ■ 

In section |3.l| we indicated that it would be desirable to extract the coordinates t and (f) 
from the general bosonic element, in anticipation of imposing a light-cone gauge choice on 
these coordinates. This was done by introducing the parametrization of the coset element 
as given by eq. (|3.lD . Here we will illustrate why this form is the appropriate choice. 

CP^ can be parametrized in terms of the coset element 

5CP = e^, (A.2) 

where 

6 

Y = Y,y^Ti. 

1=1 

We parametrize CP^ by introducing spherical coordinates, (r, 0, ai, 02, 0:3), which are 
related to the yi in the following fashion 

yi + W2 = rsmt^cos — ea^ •^-'^2'^ = - — -uji, 
2 \w\ 

y3 + iy4 = r sine sin— e-^("2-a3)+i0 = -^W2, (A.3) 
2 \w\ 

+ iye = f cos 9e^'^ = - — -w^, 
\w\ 

where \w\ = WkWk and sinr = . ^"'^ . Now we would like to effectively extract the angle 



(f) from this element, ( A.2 ), in order to write gcv as 

gcF = Acp(</')ffcp ) 

where gcw no longer depends on 4>. Inspection of the relations just above (|A.3| ), shows that 
extracting (p corresponds to setting to zero. The remaining five y's in conjunction with 
(j) still give a good parametrization of CP^. It is moreover not hard to verify explicitly that 
on the coset element ( |A.2| ), r34-|-r56 generates shifts in (p, hence giving the form of Acp(i;^). 

It is perhaps noteworthy to mention that even though we have introduced (f) in exchange 
for 2/6) such that we remain with y^, i = 1, . . . , 5 and (j), it is important to remember the 
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coordinates are not all completely independent in the usual sense. As an example, confining 
oneself to the geodesic circle parametrized by (/> corresponds to taking ^3 = e**^, which 
means yj = for i = 1, . . . , 4, and 7/5 = 7r/4. 

Lastly the T matrix used in the definition of the map is given by 




K4C4 \ 
0-Ke) ' 



B. The coset parametrization and «:-symmetry parameter 

As indicated above, the choice of coset parametrization, does have an effect on the ex- 
plicit form of the K-symmetry parameter. As K-symmetry acts on the coset element by 
multiplication from the right 

g ^ ge" = g'gc, 

at linear order in x ^-iid we have the following transformation for our choice of coset 
parametrization (|3.lD 



g gogxgse^ = goe^e^B'^^B ~ g^e^+9BegB 
Thus at the linearized level the fermionic matrix x undergoes a shift 

X X + gseg^^, 

under a K-symmetry variation. In the coset parametrization g = gxgs, the light-cone coset 
element, gs ~ exp(diag(zr°, Tg), commutes with e as presented in |16|, however for our 



choice of coset parametrization, we have gs ~ exp(diag(0, tt/AT^)) which does not commute 
with e. As a consequence of this the epsilon parameter needs to be modified by exactly 
this conjugation hy gs- Considering we are interested in gauge choices invariant under the 
manifest bosonic symmetry, we will also rotate the e parameter by use of the matrix S ( |3.3| ) 
which will then clearly indicate some invariant gauge choices. Concretely the parameter 
of [^] is calculated from ( p.5D by considering a bosonic coset element schematically of the 
form 

' ixT^ \ 

yn ■ 



^(2) 



The Virasoro constraint here reads str(A^^L^^^L) = 0, and implies = y"^. Choosing 
X = y as a solution and doing the just indicated conjugation and basis change (f3.3D, we 
find 

f e\ 



e^^^ ^ SgBe^'>{SgB) 
where 







1+i g 
^2 I a2g*a2 
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and 

(i(^43 + ^44) — ^45 — ^46 —^(^43 " ^m) — 0A5 + ^46 j 
— 6*43 + 6*44 — z(045 — 6*46) —^43 — ^44 + ^(6*45 + ^46) J 

Here the 9ij correspond to the original entries of the fermionic parameter entering in 
( |2.5| ). Of course the expression for e^^^ is similar. It should now be clear that this parameter 
can be used to impose the gauge choice ( |3.5| ). 

This expression might appear somewhat asymmetrical, however we note here that 
picking the alternate solution to the Virasoro constraint in the above, x = —y, exactly 
leads to a parameter schematically of the form 

^- = 1 + L n * ■ 

\ -a2Q_(T2 J 
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